Abstract: This paper studies the dynamic response of a wind turbine gearbox under different excitation conditions. The proposed 4 degree-of-freedom (DOF) dynamic model takes into account the key factors such as the time-varying mesh stiffness, bearing stiffness, damping, static transmission error and gear backlash. Both the external excitation due to wind and the internal excitation due to the static transmission error are included to represent the gearbox excitation conditions. With the help of the time history and frequency spectrum, the dynamic responses of wind turbine gearbox components are investigated by using the numerical integration method. This paper explains under which conditions the fretting corrosion, as one of the wind turbine gearbox failure modes, may occur. Furthermore, it is observed that the external excitation fluctuation has large influence on the dynamic responses of both the gears and bearings.
Introduction
The wind turbine drivetrain converts high torque on the main shaft to low torque on the high-speed shaft to meet the electromechanical requirements of the generator. Gearbox failure has been the major cause of many reliability problems for the modern wind energy industry since its inception [1] . Although vibrations in wind turbine gearboxes have received significant attention from both the industry and researchers, to the authors' best knowledge the fundamental failure mechanisms have not yet been fully understood due to the complexity of its nature,. In the context of vibrations, a wind turbine gearbox can be considered as a complex dynamic system subjected to highly complex loading conditions. The torque applied on the gearbox is driven by the rotor blades under fluctuating wind, and the variable loads inherently exist within the entire gearbox. Under such conditions, the fatigue life of wind turbine gearboxes is significantly affected [2] .
The objective of the present work is to study the dynamic responses of wind turbine gearbox components under different excitation conditions. The proposed model considers both the low-frequency excitation due to the external driving torque and the high-frequency internal excitation due to the static transmission error. Other factors include the time-varying mesh stiffness, bearing stiffness, damping and gear backlash. The proposed dynamic model can be used to study the fundamental mechanism of wind turbine gearbox components including gears and bearings, which could provide useful information to reduce the possibility of the gearbox failures at an early stage. aerodynamic loadings are mostly absorbed by the main shaft bearings, and thus have no influence on the gear teeth except for the driving torque. Therefore, the input load of the proposed dynamic model is limited to torsional load only, and assumed to be applied directly to the planet carrier arm, which transmits the load to planet gears and the sun pinion. The non-torsional loads are assumed to be uncoupled with the gearbox. The planetary gear stage includes three moving components: planet carrier arm, planet gears and sun pinion. The gearbox housing, planet carrier arm and bedplate are assumed to be rigid, and no relative movements or transmission of forces between shafts are allowed. The planets are supported on the planet carrier arm by shafts with bearings, thus the planets can rotate freely with respect to the planet carrier arm, and split the input load to reduce the load transmitted at each gear mesh. At parallel gear stages, the gears and pinions are also mounted between bearings.
Derivation of Equations
The present model can be used to predict the dynamic response of wind turbine gearbox components. Both the low-frequency excitation due to wind fluctuations and the high-frequency excitation due to static transmission errors are considered. The external excitation fluctuation is caused by wind, whereas the static transmission error is the overall kinetic error of gear pairs during gear meshes, expressed in the form of periodically time-varying displacement functions [26] . This model also takes into account the key factors such as the time-varying mesh stiffness, bearing stiffness, damping and gear backlash. The time-varying mesh stiffness, as an important source of the internal excitation, fluctuates as the number of gears' contacting teeth changes during gear meshes. Damping and backlash have been neglected in some of the existing studies on the wind turbine gearboxes [27] . However, large influence of the damping and backlash in the nonlinear behavior was observed during wind turbine emergency stop [28, 29] . Thus, damping and gear backlash are included in this model.
A lumped-parameter model of a ring-planet-sun gear pair is illustrated in Figure 2 as an example, the gear deformation during tooth meshes is represented by the time-varying gear mesh stiffness, damping and the static transmission error (specifications of the proposed dynamic model are presented in Section 4). All gears are helical gears, with the helical angle and pressure angle of each gear tooth remaining constant, and are allowed to rotate freely during turbine operation (details of the gear teeth specifications are given in Section 4.3.). Based on the geometry of gears, the base radius of gears is determined by Equation (1):
where r bu denotes the base radius of gears, r u denotes the radius of gears and α is the pressure angles. The equivalent transverse displacements of the gearbox components along the line of action, caused by their rotational displacements, are determined by Equation (2):
The relative displacement of sun-planet gear mesh on the line of action, caused by rotation, can be expressed as:
The relative displacement of sun-planet gear mesh on the line of action, caused by the translational motions, can be given by:
Q spn_r " x s sinα`y s cosα´x pn sinα´y pn cosα´x c sinα´y c cosα (
Combining Equation (3a) and (3b), and taking into account the effect of the static transmission error e sp , yields the total relative displacement of sun-planet gear mesh on the line of action:
Similarly, the relative displacement of ring-planet gear mesh on the line of action, caused by rotation, can be written as
The relative displacement of ring-planet gear mesh on the line of action, caused by the translational motions, can be expressed as
By taking into account the static transmission error of the ring-planet gear mesh, the total relative displacement is:
The relative displacement between the sun pinion and the gear of the intermediate parallel gear stage can be calculated by:
The relative displacement of the gear pair at the intermediate parallel gear stage, caused by rotation, can be expressed by:
The relative displacement of gear pair, caused by the translational motions, is given by:
By considering the static transmission error between the gear and pinion, the total relative displacement is:
The relative displacement between the gears g2 and g3 can be obtained by:
For the high-speed parallel gear stage, the relative displacement of the gear mesh on the line of action, caused by rotation, can be written as:
The relative displacement of gear pairs on the line of action, caused by the translational motions, can be expressed by:
By including the static transmission error between the gear and pinion, the total relative displacement is:
The meshing forces of the gear pairs of the wind turbine gearbox can be determined from the relative displacements of gear meshes Q j pQ j represents Q rpn , Q spn , Q g1g2 and Q g3g4 , n " 1, 2, 3q. By considering the gear backlash, the meshing forces of gear pairs (e.g., F rpn between the ring-planet gear mesh) can be recalculated by Equation (9), where k rp represent the gear meshing stiffness of the ring-planet gear pairs, and f`Q j˘g iven by Equation (10) is the vector form of the nonlinear gear mesh displacement function (no gear backlash exists on shafts). Damping forces can be calculated in a similar way:
The equations of motion of the gearbox components can be obtained by applying the Newton's laws. For the planet carrier, the equations of motion are given by:
.
..
For the sun pinion, the equations of motion are:
For the planet gears, the equations of motion are given by:
For the gear at the intermediate parallel gear stage g 1 , the equations of motion are written as:
. Q g1g2¯c osβ g cosα´k g1y y g1´cg1y
For the pinion at the intermediate parallel gear stage g 2 , the equations of motion are expressed as:
For the gear at the high-speed parallel gear stage g 3 , the equations of motion are obtained as:
For the pinion at the high-speed parallel gear stage g 4 , the equations of motion are given by:
Substituting the relative displacements of gear meshes given by Equations (3) to (8) into Equations (11) to (17) , yields the transverse and translational displacements of gears.
Parameter Specifications

General Information
In simulation, the radius of the rotor blades r blade is 36 m, the average wind speed V wind is 16 m{s, the air density ρ air is 1.21 kg{m 3 , and the rotational speed of the rotor blades ω blade is 17 rpm. When the rotational speed of the blades is set to be constant, the simulated wind fluctuation results in the fluctuation of the driving torque to the gearbox. Thus, the effects of wind excitation on the gearbox components can be investigated.
Excitation Conditions
The driving torque T in_ avg , that is applied to the planet carrier as the input to the system, can be calculated by Equation (18) , where ω blade is the rotational speed of blades, and P blades is the output power generated by the blades, which is given by Equation (19) [30] :
where ρ air is the air density, r blade is the radius of the blades, V wind is the average wind speed and C p is the wind power utilization. By neglecting the power loss in gearbox, the average output torque of the gearbox T out_avg can be obtained by using Equation (20), where Gr is the gear ratio of the gearbox:
If only the external excitation is considered, the driving torque can be expressed by Equation (21) as a periodic sinusoidal function, where T in_ avg is the constant external driving torque, T in_e is the fluctuating external driving torque, ω e represents the external excitation frequency (ω e " 2π f e and f e " 6 Hz (as in the low frequency range) is chosen to be the external excitation frequency). This usually happens when the wind turbine is parked. Under such a condition, the gears in the gearbox are not allowed to rotate:
It can be predicted that the external excitation results in low frequency responses, whereas the internal excitation results in high frequency responses. The static transmission error function e j ptq used in Equations (3) to (8) is represented by Equation (22) . As the static transmission error is very small, only the fluctuation term e aj is considered. The high-frequency excitations at the meshing frequency ω i are expected during gear mesh (ω i " 2π f i and the meshing frequencies f i in the proposed dynamic model are 28.05 Hz, 132.8 Hz and 438.7 Hz): e j ptq " e aj cos pω i tq (22) When only the internal excitation, caused by the static transmission error e j , is considered, the internal excitation p j is given by Equation (23) , where F aj is the fluctuating meshing force caused by the static transmission error e j : p j ptq " F aj ω i 2 cos pω i tq
In addition, under the constant rotational speed the meshing frequencies of the wind turbine gearbox components, determined by Equation (24) , remain constant during operation for the simplicity in simulation:
where ω g is the rotational speed of the gear and N g is the teeth number. For the planetary gear stage, ω g is the rotational speed of the planet carrier arm and N g is the teeth number of the ring gear [31] .
Time-Varying Mesh Stiffness
The teeth mesh stiffness variation of each gear pair is assumed to be approximately proportional to the meshing tooth variation, which is periodic over meshing cycles. Each of the gear meshes has the same shape of mesh tooth variation by neglecting static and dynamic transmission error effects, but they are not in phase with each other. Thus, the mesh stiffness k ij is expressed in the periodic forms in terms of the average and fluctuating mesh stiffnesses as shown in Equation (25) , which fluctuates with the change of the contact teeth at the meshing frequency ω i of each gear stage [32] :
where ω i is the meshing frequency, k oij is the average gear mesh stiffness, and k rij is the fluctuating term of the gear mesh stiffness calculated by Equations (26) and (27):
CR " LA{P b (27) where CR is the contact ratio, LA is the length of action given by Equation (28), which is the distance along the line of action between meshing points. The meshing points are the points of beginning and leaving the teeth contact during tooth mesh:
where r g and r p are the pitch radii of the gear and pinion, a g and a p are the addendum of the gear and pinion, α is the pressure angle, and C is the center distance of the gear pairs (C " r p`rg ) [33] . It is assumed that the gear tooth behaves like a cantilever beam. Thus, the mean stiffness k oij is calculated by Equation (29) based on the ISO-6336 standard [11, 34] : ( 29) where y max_ gear and y max_pinion are the maximum deflection of the gear tooth calculated by Equation (30) , where P is the applied load at the tooth tip, L is the tooth depth which can be calculated by using the AGMA standard in Table 1 [2], I is the area moment of inertia, and E is the modulus of elasticity. Figures 3 and 4 present a gear tooth and gear nomenclature: The mesh stiffness can be calculated using Equations (26) to (30), and the actual values are obtained with the help of Matlab. As the actual values of the mesh stiffnesses vary in simulation due to the gear contact cycles, they cannot be provided in details for brevity. Instead, the gear teeth dimensions used for the proposed model are provided in Table 2 . (The "7.5 L" and "14.5 R" in Table 2 represent 7.5˝facing left and 14.5˝facing right.) 
Bearing Stiffness
The bearing stiffness has large influence on the dynamic behaviors of bearings. The elastic displacement of bearings, during the wind turbine operation, would affect the dynamic responses of other gearbox components. The cylindrical roller bearings (CRB) and the full-complement cylindrical roller bearings (fc CRB) are used to support the radial loads, and the tapered roller bearings (TRB) to support axial loads. Table 3 presents the bearing stiffness used in the proposed model. 
Damping
The tooth deformation is represented by the time-varying mesh stiffness and damping in the lumped-parameter model shown in Figure 2 . The damping of the teeth mesh c j is expressed by: ( 31) where k i is the mesh stiffness of the gear pair, ξ is the damping ratio of tooth mesh (varies between 0.03 and 0.17), m gear and m pinion are the masses of gear and pinion.
Numerical Results and Discussion
This section presents the simulation results of the proposed gearbox model. The ode45 solver in Matlab is used to solve the differential equations. The integration results of the first 1500 periods are discarded prior to recording the steady state solutions. For each meshing cycle, 360 meshing points are sampled in order to capture the sufficient number of data. The analysis focuses on the effects of the excitation conditions on gears and bearings of the wind turbine gearbox with the help of the time histories and FFT spectrums.
External Excitation only
When only the external excitation is considered and the gears are not allowed to rotate, such condition is similar to the situation when the wind turbine is parked. Assuming the driving torque of the gearbox fluctuates with the external excitation frequency ω e , then the total excitation is expressed by Equation (21) . Figure 5 shows the dynamic responses of Q rp1 (Q rp1 represents the relative gear mesh displacement of the ring gear and the first planet gear. As the gearbox gear meshes behave in a similar pattern, only the response of Q rp1 is presented as the example of the gear meshes) and X g4a , representing the relative displacements of the ring-planet gear meshes and the axial displacement of the pinion at high-speed parallel gear stage. It is observed that the frequency peak in each FFT spectrum occurs at the external excitation frequency f e , which indicates that only the external excitation contributes to the vibrations in the gearbox, and the gearbox components only respond to the wind fluctuation. The time histories also show the stability of the dynamic responses of the gearbox components. The magnitude of Q rp1 is much larger than that of X g4a . This indicates that the relative displacement of the gear meshes caused by wind fluctuations is much larger than the axial displacement of the gear when the wind turbine is parked. These observations are in good agreements with Errichelo's findings that the fretting corrosion, as one of the wind turbine gearbox failure modes, normally occurs in gears along a line of action when the turbines are parked [36] . 
Constant External Excitation
When both the internal and constant external excitations are considered, it is assumed that the turbine operates under ideal condition. The external excitation is constantly applied to the gearbox, and the internal excitation, caused by the static transmission errors e i , is assumed to fluctuate with the meshing frequencies ω i . Figure 6 shows the dynamic responses of Q rp1 and X g4a . The internal excitation provides high-frequency vibrations to the gearbox, thus, the dynamic responses under meshing frequencies ω i are expected to be observed. Figure 6a,b show that Q rp1 is stable and the meshing frequency of the planetary gear stage f 1 contributes the most on Q rp1 , while the magnitude of its harmonics and f 2 are much smaller than f 1 and provides much less effects on Q rp1 . Figure 6c ,d exhibit the axial displacement of the bearing at the high-speed parallel gear stage X g4a . The frequency peak occurs at f 3 . This implies that f 3 contributes the most to the high-speed parallel gear stage.
Fluctuating External Excitation with Mean-to-Fluctuating External Force Ratio of 5
When both the internal and external excitation fluctuations are taken into account, the total excitation is a combination of loads expressed by Equations (21) and (23) . To study the effect of the wind fluctuation, the mean-to-fluctuating external force ratio f m { f a is used. In this secton, f m { f a is 5. Figure 7 shows the dynamic responses of Q rp1 and X g4a . As both the external excitation fluctuation (with the mean-to-fluctuating external force ratio of 5) and the internal excitation are considered, the dynamic responses with the external excitation frequency f e and the meshing frequencies f i are expected to be observed.
It can be seen from Figure 7b that both the meshing frequencies and the external excitation frequency exist. The magnitude of the external frequency component f e is smaller than the meshing frequency at its own gear stage f 1 . The magnitudes of its harmonics and f 2 are much smaller than f 1 . This indicates that the meshing frequency of the planetary gear stage f 1 contributes the most on Q rp1 . Figure 7c ,d present the axial displacement of the bearing at the high-speed parallel gear stage X g4a . The frequency peak occurs at f 3 and its magnitude is much larger than f e and f 2 . The effect of f 1 is too small and can be ignored. This shows that f 3 contributes the most at the high-speed parallel gear stage. In short, the gear meshes at all three gear stages are relatively stable when the external fluctuation is small. However, the harmonics and their sidebands exist on the dynamic responses of the gears. When with the external fluctuations, the sidebands appeared in the FFT spectrum can be used to estimate the gear and bearing damage conditions. 
Fluctuating External Excitation with The mean-to-Fluctuating External Force Ratio of 2
Similar to the previous section, the increased external excitation fluctuation (with the mean-to-fluctuating external force ratio of 2) and the internal excitation are considered in this section. Figure 8 presents the dynamic responses of Q rp1 and X g4a . As both the external excitation fluctuation and the internal excitation are considered, the external excitation frequency f e and the gear meshing frequencies f i are expected to be observed. As shown in Figure 8a ,b, the dynamic response of Q rp1 starts to have more fluctuations. The magnitude of the external frequency f e is still smaller than the meshing frequency at its own gear stage f 1 , but contributes more compared with that in Figure 7b . The harmonics 2 f 1 , 3 f 1 and 4 f 1 and their sidebands are observed. The magnitude of f 2 is much smaller than f 1 , which means that it provides much less effects on Q rp1 . Figure 8c ,d present the zoomed image of the axial displacement of the bearing at the high-speed parallel gear stage X g4a . The frequency peak occurs at f 3 and its magnitude is much larger than f e , f 1 and f 2 . This shows that f 3 contributes the most at the high-speed parallel gear stage. Its harmonics 2 f 3 and sidebands are also observed. Compared with Figure 7 for when the mean-to-fluctuating force ratio f m { f a is 5, the external excitation has larger influence on both the gears and bearings, which simulates the condition for a sudden change of external excitation on turbines.
Conclusions
The present work developed a 4-DOF dynamic model of a wind turbine gearbox, which takes into account both the low-frequency external excitation and the high-frequency internal excitation. This model includes the key factors such as the time-varying mesh stiffness, bearing stiffness, damping and gear backlash. Three excitation conditions on the wind turbine gearbox were studied: the external excitation only condition, the internal and constant external excitation condition; and the internal and fluctuating external excitation condition. The dynamic response of the gears and bearings of wind turbine gearboxes have been investigated with the help of time history and FFT spectrum.
In the study of the dynamic responses of the wind turbine gearbox components, when considering the external excitation only and disallowing gears to rotate, such a condition is similar to that when the wind turbine is parked. The results showed that the magnitude of the relative displacements of gear meshes is much larger than the elastic displacement of gearbox bearings. This explains why the fretting corrosion, as one of the wind turbine gearbox failure modes, occurs in gears along the line of action when the wind turbine is parked. When both the internal and external excitations were considered, it was observed that the gear meshes at all gear stages are relatively stable. When the external excitation fluctuation is small, the stability of gears is not affected. However, the dynamic responses of gears were observed to have more fluctuation. When the external excitation fluctuation is increased, the responses of gears and bearings were observed to have both the harmonics and sidebands in their FFT spectrums, which suggest that the external excitation fluctuation has large influence on wind turbine gearbox components, especially when a sudden change of external excitation is added. As a result, the dynamic responses of wind turbine gearbox components can be affected and may lead to gear wear and bearing failures.
